A new method for simultaneous range and bearing estimation for buried objects in the presence of an unknown Gaussian noise is proposed. This method uses the MUSIC algorithm with noise subspace estimated by using the slice fourth-order cumulant matrix of the received data. The higher-order statistics aim at the removal of the additive unknown Gaussian noise. The bilinear focusing operator is used to decorrelate the received signals and to estimate the coherent signal subspace. A new source steering vector is proposed including the acoustic scattering model at each sensor. Range and bearing of the objects at each sensor are expressed as a function of those at the first sensor. This leads to the improvement of object localization anywhere, in the near-field or in the far-field zone of the sensor array. Finally, the performances of the proposed method are validated on data recorded during experiments in a water tank.
INTRODUCTION
Noninvasive range and bearing estimation of buried objects, in the underwater acoustic environment, has received considerable attention.
Many studies have been recently developed. Some of them use acoustic scattering to localize objects by analyzing acoustic resonance in the time-frequency domain, but these processes are usually limited to simple shaped objects [1] . In the same way, Guillermin et al. [2] use the inversion of measured scattered acoustical waves to image buried object, but the applicability in a real environment is not proven. Another method which uses a low-frequency synthetic aperture sonar (SAS) has been recently applied on partially and shallowly buried cylinders in a sandy seabed [3] . Other techniques based on signal processing, such as time-reversal method [4] , have been also developed for object detection and localization but their applicability in real life has been proven only on cylinders oriented in certain ways and point scatterers [5] . Furthermore, having techniques that operate well for simultaneous range and bearing estimation using wideband and fully correlated signals scattered from near-field and far-field objects, in a noisy environment, remains a challenging problem.
Array processing techniques, such as the MUSIC method, have been widely used for source localization. Typically, these techniques assume that the underwater acoustic sources are on the seabed and are in the far field of the sensor array. The goal then is to determine the directions of the arrival of the sources. These techniques have not been used yet for bearing and range estimation for buried objects.
In this paper, the proposed approach is based on array processing methods combined with an acoustic scattering model. The fourth-order cumulant matrix [6, 7] is used instead of the cross-spectral matrix to remove the additive Gaussian noise. The bilinear focusing operator is used to decorrelate the signals [8] and to estimate the coherent signal subspace [8, 9] . From the exact solution of the acoustic scattered field [10, 11] , we have derived a new source steering vector including both range and bearing of the objects. This source steering vector is employed in MUSIC algorithm instead of the classical plane wave model. The acoustic scattered field model has been addressed in many published works in several configurations, as single [12, 13] or multiple objects [14, 15] , buried or partially buried objects [16, 17] , with cylindrical [11, 12] or spherical shape [10, 11, 13] , all those scattering models can be used with the proposed source steering vector.
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The organization of this paper is as follows: the problem is formulated in Section 2. In Section 3, the scattering models are presented. In Section 4, the cumulant-based coherent signal subspace method for bearing and range estimation is presented. Experimental setup and the obtained results supporting our conclusions and demonstrating our method are provided in Sections 5 and 6. Finally, conclusion is presented in Section 7.
Throughout the paper, lowercase boldface letters represent vectors, uppercase boldface letters represent matrices, and lower-and uppercase letters represent scalars. The symbol "T" is used for transpose operation, the superscript "+" is used to denote complex conjugate transpose, the superscript " * " is used to denote complex conjugate, and · denotes the L 2 norm for complex vectors.
PROBLEM FORMULATION
We consider a linear array of N sensors ( Figure 1 ) which receive the wideband signals scattered from P objects (N > P) in the presence of an additive Gaussian noise. Using vector notation, the Fourier transforms of the outputs of the array can be written as [6, 7, 18] 
where
s( f n ) is the vector of the source signals. b( f n ) is the vector of Gaussian noises which are assumed statistically independent of the source signals. A( f n ) is the transfer matrix which is computed from a( f n , θ k , ρ k ) for k = 1, . . . , P given by
where θ k and ρ k are the bearing and the range of the kth object to the first sensor of the array, thus, θ k = θ k1 and 
where Cum(·) denotes the cumulant, r k1 is the k 1 element in the vector r, and E{·} denotes the expectation operator. Figure 1 : Geometry configuration of the kth object localization.
as
where ⊗ is the Kronecker product and u k ( f n ) is the source kurtosis (i.e., fourth-order analog of variance) of the kth complex amplitude source defined by
In order to reduce the calculating time, instead of using the cumulant matrix C( f n ), a cumulant slice matrix (N × N) of the observation vector at frequency f n can be calculated and it offers the same algebraic properties as C( f n ). This matrix is denoted by C 1 ( f n ) [6, 19, 20] . We consider a cumulant slice, for example, by using the first row of C( f n ) and reshape it into an (N × N) Hermitian matrix [20] , that is,
where c 1, j is the (1, j) element of the cumulant matrix C( f n ) and U s ( f n ) is the diagonal kurtosis matrix, its ith element defined as Cum(
can be reported as the classical cross-spectral matrix [8, 21] of received data. In practice, the noise is not often white, hence the interest on the higher-order statistics is as shown in (7) in which the fourth-order cumulant matrix is not affected by additive Gaussian noise. Let
..,N be the eigenvalues and the corresponding eigenvectors of the matrix C 1 ( f n ), respectively, then the eigendecomposition of C 1 ( f n ) can be expressed as
In matrix representation, (8) can be written
Assuming that the columns of A( f n ) are linearly independent, in other words, A( f n ) is full rank, it follows that for nonsingular
This rank property implies that:
(i) the (N − P) multiplicity of its smallest eigenvalues
(ii) the eigenvectors corresponding to the minimal eigenvalues are orthogonal to the columns of the matrix A( f n ),
The MUSIC method [18] is based on the above property and it has been widely used to estimate the directions of the arrival of the sources. The spatial spectrum of the MUSIC method [18] , in the case of narrowband signals (L = 1), is given by
where g is the steering vector which can be filled with plane wave model when the sources are in the far-field zone of the sensor array [18] . In this study, we have extended firstly the MUSIC method [18] to estimate simultaneously range and bearing of the objects using narrowband signals by including the acoustic scattering model of the objects. We have called this modified algorithm the MUSIC NB method and in the same manner its spatial spectrum is given by
Then, in the following sections, we will present how to fill the vector of the scattering model a( f 1 , θ k , ρ k ) and how to use the focusing slice cumulant matrix (wideband signals) to improve the object localization.
SCATTERING MODEL
Consider the case in which a plane wave is incident, with an angle θ inc , on P infinite elastic cylindrical shells or elastic spherical shells of inner radius β k and outer radius α k for k = 1, . . . , P, located in a free space at (θ k , ρ k ) the bearing and the range of the kth object, associated with the first sensor of the array x 1 (Figure 1 ). The fluid outside the shells is labeled by 1, thus, the sound velocity is denoted by c 1 and the wavenumber is K n1 = 2π f n /c 1 .
Cylindrical shell
We consider the case of infinitely long cylindrical shell. In order to calculate the exact solution for the acoustic scattered field a cyl ( f n , θ k1 , ρ k1 ), a partial wave series decomposition is used. The scattered pressure, in the case of normal incidence, is given by [11, 12] 
where p c0 is a constant,
m is the cylindrical first kind Hankel function, and m is the modal order [12] .
The scattering model in (15) is very inaccurate for modeling finite cylinders because of end-cap effects [22] [23] [24] and also for oblique incidence [25] .
Spherical shell
The analysis is now extended to the case where the scatterer is a spherical shell. The scattered pressure is given by [10, 11, 13] 
where p s0 is a constant, h (1) m is the spherical first kind Hankel function, and P m (cos(θ k1 − θ inc )) is the Legendre polynomial [13] .
The vector a( f n , θ k , ρ k ) is filled with the cylindrical scattering model in the case of cylindrical shells and filled with the spherical scattering model in the case of spherical shells. For example, when the considered objects are cylindrical shells, this vector is given by
Equations (15) and (16) give the first component of the vector a( f n , θ k , ρ k ). Thus, in a similar manner, the other components a cyl ( f n , θ ki , ρ ki ) and a sph ( f n , θ ki , ρ ki ) for i = 2, . . . , N, associated with the ith sensor, can be formed, where all the couples (θ ki , ρ ki ) are calculated using the general Pythagorean theorem and are functions of the couple (θ k1 , ρ k1 ). Thus, the used configuration is shown in Figure 1 . The obtained θ ki , ρ ki are given by
where d is the distance between two adjacent sensors. Equation (18) is employed in (14) to estimate simultaneously range and bearing of the objects using narrowband signals. In the following section, we will present how to include the focusing slice cumulant matrix to treat correlated wideband signals.
CUMULANT-BASED COHERENT SIGNAL SUBSPACE METHOD FOR BEARING AND RANGE ESTIMATION
In this section, the frequency diversity of wideband signals is considered. The received signals come from the reflections on the objects, thus, these signals are totally correlated and the MUSIC method looses its performances if any preprocessing is used before as the spatial smoothing [21] or the frequential smoothing [8, 26] . It appears clearly that it is necessary to apply any preprocessing to decorrelate the signals.
According to the published results [21] , the spatial smoothing needs a greater number of sensors than the frequential smoothing. In this section, the employed signals are wideband. This choice is made in order to decorrelate the signals by means of an average of the focused slice cumulant matrices. Therefore, the objects can be localized even if the received signals are totally correlated. This would have not been possible with the narrowband signals without the spatial smoothing. In the frequential smoothing-based processing framework [18, 21, 27] , we have adopted the optimal method which is the bilinear focusing operator [8, 26] , in order to obtain the coherent signal subspace. This technique divides the frequency band into L narrowbands [8, 26] , then transforms the received signals in the L bands into the focusing frequency f 0 . The average of the focused signals is then calculated and consequently decorrelates the signals [9, 28] . Here, f 0 is the midband frequency of the spectrum of the received signal and it is chosen as the focusing frequency. The number P of the sources is estimated using the wellknown AIC or MDL criterion [29] . The following is the stepby-step description of the proposed method which we have called the MUSIC WB method:
(1) use the beamformer method to find an initial estimate of θ k , where k = 1, . . . , K, with K ≤ P, (2) compute the initial values of ρ k = X/ cos(θ k ) for k = 1, . . . , K, where X represents the distance between the receiver and the bottom of the tank, (3) fill the transfer matrix
where each component of the directional vector a( f n , θ k , ρ k ) for k = 1, . . . , K is filled using (15) or (16) considering the object shape, (4) estimate the cumulant slice matrix of the received data C 1 ( f n ) using (7) and perform its eigendecomposition, (5) calculate diagonal kurtosis matrix at each frequency f n by using (7) and obtain
(6) calculate the average of the diagonal kurtosis matrices
form the focusing operator using the eigenvectors
where V( f n ) and V( f 0 ) are the eigenvectors of the cumulant matrices C 1 ( f n ) and C 1 ( f 0 ), respectively, (9) form the average slice cumulant matrix C 1 ( f 0 ) and perform its eigendecomposition
(10) estimate the number P of objects using AIC or MDL criterion with the eigenvalues of matrix C 1 ( f 0 ), (11) calculate the spatial spectrum of the MUSIC WB method for estimating range and bearing of the objects using (24) where V b ( f 0 ) is the eigenvector matrix of C 1 ( f 0 ) associated with the (N − P) smallest eigenvalues.
EXPERIMENTAL SETUP
The data has been recorded using an experimental water tank ( Figure 2 ) in order to evaluate the performances of the developed method. The transmitter sensor (on the left in Figure 2 ) is fixed at an incident angle θ inc = 60
• and has a beamwidth equal to 5
• . The receiver sensor (on the right in Figure 2 ) is omnidirectional and moves horizontally along the XX axis, step by step, from the initial to the final position ( Figure 3 Table 1 summarizes the characteristics of these objects. The acoustic wave velocity in the water tank is c 1 = 1466 m/s. The experiment configuration in the scaled tank is realistic. In order to reproduce the configuration at a real scenario (rs), we should take W h(rs) /δ 0(rs) = W h /δ 0 , where δ 0 = c 1 / f 0 , and W h(rs) is the water depth, and δ 0(rs) is the wavelength in a real scenario. For that the distance d between two consecutive sensors, the object dimensions, and the burial depth used in the experimental tank must be multiplied by δ 0(rs) /δ 0 .
The cylinders used satisfy the approximation such that they can be considered infinitely long. Indeed, their lengths satisfy the following condition [30] :
where δ max 0.01 m is the maximal wavelength and ρ max is the maximal range of all the objects The homogeneous fine sand used in this study has geoacoustic characteristics near to those of water. Consequently, we can make the assumption that the objects are in a free space. However, this assumption remains valid only when the presence of the water/sediment interface has negligible effects on the results. Otherwise, acoustic scattering model including the water/sediment interface effects [31] [32] [33] [34] The experimental setup is shown in Figure 3 , where all the dimensions are given in meter. First, we have buried the considered objects in the sand at 0.005 m. Then, we have done eight experiments that we have called E i(Oii,Oii+1) , where i = 1, . . . , 8 and ii = 1, 3, 5, 7. Two experiments are performed for each couple: one, when the receiver horizontal axis XX is fixed at 0.2 m from the bottom of the tank (E 1(O1,O2) , . . . , E 4(O7,O8) ), the other when this axis is fixed at 0.4 m from the bottom of the tank (E 5(O1,O2) , . . . , E 6(O7,O8) ). RR is a vertical axis which goes through the center of the first object of each couple. Note that the configuration shown in Figure 3 is associated with the experiment E 2(O3,O4) , where RR axis goes through the object O 3 . Thus, for each experiment, only one object couple is radiated by the transmitter sensor. At each sensor, time-domain data corresponding only to target echoes are collected with signal-to-noise ratio equal to 20 dB. The typical sensor output signals recorded during one experiment are shown in Figure 5 . Figure 6 shows an example of the power spectral density of the received signal on fifth sensor. 
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RESULTS AND DISCUSSION
The steps listed above in Section 4 were applied on each experimental data set, thus, an initialization of θ, using the beamformer, and of ρ, using X/ cos(θ), has been done, where X is the distance between the receiver axis XX and the bottom of the tank. The distance X can take two values H a or H b . For example, for the experiment E 1(O1,O2) , those two parameters have been initialized by θ 1 = 15
• , ρ 1 = 0.28 m, and X = H a = 0.2 m. Moreover, the average of the focused slice cumulant matrices was calculated using L = 50 frequencies chosen in the frequency band of interest [ f min , f max ]. The data length to estimate the cumulant matrix is 1400 samples. Thanks to the detection AIC criterion [29] , two sources are detected (P = 2). Then, a sweeping is made on the bearing from −90
• to 90
• with a step of 0. Table 2 summarizes the expected and the estimated range and bearing of the objects obtained using the MUSIC method ( (13) with f 1 = 200 kHz), the MUSIC NB method ( (14) with f 1 = 200 kHz), and the MUSIC WB method (24) . The indices 1 and 2 are the first and the second objects of each couple of cylinders or spheres. The presented values are the spatial spectrum peaks coordinate on the bearing-range plane. Note that the bearing objects obtained after applying the MUSIC method are not exploitable. Similar results were obtained when we applied the MUSIC NB method because the received signals are correlated. However, satisfying results were obtained when we applied the MUSIC WB method, thus, bearing and range of the objects were successfully estimated. In order to a posteriori verify the quality of estimation of the MUSIC WB method, it is possible to use the relative error (RE) defined as follows:
where y i exp (resp., y i est ) represents the ith expected (resp., the ith estimated) value of θ or ρ. The obtained values of RE for θ and ρ are given in Table 2 . These values confirm the efficiency of the proposed method.
CONCLUSION
In this paper, we proposed a new method to estimate both bearing and range of the sources in a noisy environment and in presence of correlated signals. To cope with the noise problem, we have used higher-order statistics, thus, we have formed the slice cumulant matrices at each frequency bin. Then, we have applied the coherent subspace method which consists in a frequential smoothing in order to cope with the signal correlation problem and in forming the focusing slice cumulant matrix. To estimate range and bearing, the focusing slice cumulant matrix was used instead of using the spectral matrix and the exact solution of the acoustic scattered field was used instead of the plane wave model, in the MUSIC method. The performances of this method were investigated through scaled tank tests associated with many spherical and cylindrical shells buried in an homogenous fine sand. The obtained results show that the proposed method is superior in terms of bearing and range estimation compared with the classical MUSIC algorithm. Range and bearing of the objects were estimated with a significantly good accuracy thanks to the free space assumption. Opening directions for future work could concern mainly the performances of the proposed method under some more realistic experimental conditions. We could improve the scattering model by including the water/sediment interface effects and considering the influence of the signal-to-reverberation ratio. In order to facilitate the implementation of the proposed method in real-time application, the reduction of computational time should be considered in the future study. For example, the high-resolution methods without eigendecomposition could be used.
